It is well known that a closed 3-manifold M contains a (piecewise linearly embedded) essential separating 2-sphere if and only if π^M) is a nontrivial free product. In this paper necessary and sufficient conditions, in terms of πi(ilf), are given for the existence of a projective plane in M. If M is irreducible this condition is that πi(M) be an extension of Z or a nontrivial free product by Z%. In particular this provides a criterion for deciding which irreducible closed 3-manifolds are not PMrreducible. P 2 -irreducible 3-manifolds have been studied in [2] , [4] ; if they are sufficiently large then their covering spaces are also P 2 -irreducible. This property is not shared by irreducible but not PMrreducible manifolds; in [9] such manifolds are constructed having non prime covering spaces. This leads to the question as to which 3- Proof. U(P 2 ) is the twisted line bundle over P 2 , with boundary a 2-sphere. Since this 2-sphere bounds a 3-cell in M, the result follows.
The next lemma is due to J. Tollefson [13, Lemma 1] : LEMMA 
A non-irreducible closed 3-manifold M admitting a fixed point free involution T contains a 2-sphere S not bounding a 3-cell in M such that either T(S) = S or T(S) Π S = 0
We will also need the following generalization of Tollefson's lemma. LEMMA 
Let M be a Z-manifold (with or without boundary) admitting a fixed point free involution T. Suppose there exists a 2-sphere in M that does not separate M into two components one of which is π-trivial. Then there exists a 2-sphere S in M having the same property and such that either T(S) Π S = 0 or T(S) -S.
Proof. Take a 2-sphere S in M with the following properties: S does not separate M into two components one of which is τr-trivial, T(S) Π S is a system of disjoint simple closed curves at which the intersection is transversal, and the number n(T(S) ΓΊ S) of components T(S) Π S is minimal. We show that either n = 0 or there exists an S' with the desired properties such that
It is easy to see that at least one of Si or S 2 does not separate M into two components one of which is π-trivial. Suppose Si has this property. If Γ(Si) = Si, we are done. If Γ(Si) Φ S 19 then a component S' of 9 ϊ7(Si) (J7 is small wrt T) has the same property as S l9 but n(T(S') Π S') < n(T(S) Π S) (since the component dZ) has vanished), a contradiction. 
Conversely, assume 7t x (M) is an extension of Z or of a nontrivial free product G by Z 2 . Let p: N -+ M be the covering of Λf associated with Z or G, respectively, and let T: iV->N be the covering transformation. By Lemma 5 and Kneser's conjecture [12] there exists an essential 2-sphere S 2 in N. Therefore, by Lemma 3 we can find a 2-sphere SczN not bounding a 3-cell, such that either T(S) Π S -0 or T(S) = S. The first case cannot occur, since M is irreducible. In the second case, p(S) is a protective plane in M that is 2-sided, by Lemma 2. 
Conversely, suppose π^M) is an extension of a nontrivial free P product G by Z 2 . Again, let N > M be the covering of M corresponding to G and let T be the covering transformation. By Kneser's conjecture for bounded 3-manifolds [6] there exists a 2-sphere S 2 in N that separates N into N lf N 29 both not π-trivial. By Lemma 4, there exists a 2-sphere S that does not separate N into two components one of which is π-trivial and such that T(S) = S (the case TS Π S = φ cannot occur). By Lemma 2, S covers a 2-sided P 2 in M. If P 2 were pseudo parallel to a component of dM, then lifting the corresponding homotopy (P 2 x /) we see that S would separate JV into two components, one of which would be τr-trivial, a contradiction.
PROPOSITION. Let M be irreducible and suppose π x (M) is not Z 2 , and not an extension of Z or of a nontrivial free product by Z 2 . Then if dM contains no P 2 (in particular, if M is closed) it follows that M contains no
Proof. If M is orientable and contains a P 2 , then M = P 3 , by Lemma 2. If M is nonorientable, let M r be the 2-fold orientable cover of M. If π 2 (M f ) Φ 0, then the sphere theorem [14] gives us an essential 2~sphere in M' and as in the proof of the preceding theorems, we see that π^M') = Zora nontrivial free product. Therefore, π 2 (M') = 0 and hence π 2 (M) = 0. (In fact, M is aspherical.) But any 2-sided P 2 a M would be essential [1, Lemma 6.3] .
REMARK. A 2-sided P 2 in M is incompressible in M. This follows from the loop theorem and Dehn's lemma [10] . In particular π is an injection.
4* A counterexample to Theorem 2 if M is not incompressible* Let K be a solid Kleinbottle, T a solid torus. Choose n ^ 1 disjoint discs A, , D n on dK and a disc ΰ on 3Γ. Let If be the manifold obtained from K by attaching n copies of T to K at A and D (i = 1, •••,%). Then ikf is irreducible and does not contain 2-sided projective planes (otherwise by the preceding remark, π t (M) would have an element of order 2, but π^M) ~ (n + 1)Z). However, the twofold orientable cover M r of M has fundamental group π^M') ~ (2n + 1)Z, the free product of 2n + 1 copies of Z, and therefore ^(Λf) is an extension of the nontrivial free product (2n + Ϊ)Z by Z 2 .
5* The general case* Suppose ikf is a compact 3-manifold such that dM contains no 2-spheres. As in [8, Lemma 1] it follows that if M is prime but not irreducible then M is a S 2 -bundle over S\ If M is not prime, then there exists a decomposition of M into a finite number of prime manifolds (if Λf is nonorientable or with boundary see e.g. [3] ), we say that the decomposition (#) is in normal form if at most one Mi F& K. Then Milnor's proof in [8] can be generalized to yield the following:
PROPOSITION. Any compact 3-manifold M whose boundary contains no 2-spheres has a unique normal decomposition (#) into prime manifolds. Each summand Mi is irreducible or S 1 x S 2 and at most one
In the decomposition (#) let m denote the number of prime manifolds which are not 7Γ-trivial (m ^ n). Proof. Consider the decomposition (#). Let SidM be the 2-sphere at which M t and M i+1 are amalgamated and let Ml be obtained from Mi by removing the interiors of the 3-balls which are used in the construction of the connected sum. We can assume that Ml Π Λί +1 = S i (< = l > ...,Λ-l).
We first note that M contains a 2-sided P 2 if and only if one of the Ml contains a 2-sided P 2 . For, by general position we can assume that P 2 Π U Si is a system of simple closed curves. If P 2 Π S 4 Φ 0 then an innermost intersection curve on Si bounds a disk on P 2 (since P 2 is incompressible) and on S t . Replacing the disk on P 2 by the disk on Si and pushing it slightly off S i9 we reduce the number of intersection curves of P 2 Π U S t . Second, we note that we can assume that in the decomposition (#) no Mi has trivial fundamental group i.e. that n = m. Construct a manifold N' as follows. If both N x and N 2 are connected, identify i VΊ and N 2 along one 2-sphere only, say S[. Otherwise identify Ni and N 2 along both S[ and S". The result is a manifold JV (1) . If N 3 is connected, identify N {1) and N 3 along S' 2 only, otherwise identify along S 2 and S", etc. In this way we obtain a maximal connected manifold N' such that N is obtained from N' by identifying pairs of 2-spheres in dN'.
where each G 3 is the fundamental group of a component of some NŴ e obtain N from N' by adding (2m -1) -
Now P 2 cikf/, say (l^i^m-1). Then Mj is nonorientable and JV} is connected. Therefore by the above construction, π^Nj), is one of the groups Gi in the above decomposition of TΓ^JV). Closing the boundary spheres of N ά with 3-balls we get a 2-fold covering Nj -»Mj, and it follows from the proof of Theorem 1 that π^Nj) and hence π x (Nj) is Z or a nontrivial free product. This proves part (a) of Theorem 3. Now suppose π^M) js an extension of a product G of 2m nontrivial groups by Z 2 . Let p: M-*M be the covering associated to (?. Then as above π^M) = π^Mt)* *π 1 (M k )*Z* *Z is a product of 2m -1 groups, where each Mi is a component of p~~l(Mj), for some j. (It is possible that some π x {M^) = 1.) It follows from Kurosh's Theorem [7] that at least one factor, π^M^ say, is a nontrivial free product* If iίfj. covers M} 9 then either rc^Mj) ^ τΓi(.Mi) or 7Γ 1 (ikΓ 7 ) is an extension of TΓ^ikfi) by Z 2 In the first case Mi. can not be a handle and by Kneser's conjecture can not be irreducible, therefore this case can not occur. In the second case we apply Theorem 1 to obtain a P 2 in M t and hence in M.
It should be noted that the hypothesis in case (a) of Theorem 3 can not be weakened: If M = (P 2 x S 1 )*^2 x S 1 ), then π t (M) is not an extension of a free product of 4 factors by Z 2 It is now easy to see how to obtain an analogous result for 3-manifolds with incompressible boundary.
